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External and Internal Forces

 Forces acting on rigid bodies are
divided into two groups:

- External forces
- Internal forces

« External forces are shown in a
free-body diagram.

« |f unopposed, each external force
can impart a motion of
translation or rotation, or both.



Principle of Transmissibility: Equivalent
Forces

* Principle of Transmissibility -
Conditions of equilibrium or motion are
not affected by transmitting a force
along its line of action.

NOTE: F and F’ are equivalent forces.

« Moving the point of application of
the force F to the rear bumper
does not affect the motion or the
other forces acting on the truck.




Vector Product of Two Vectors

« Concept of the moment of a force about a point is
more easily understood through applications of
the vector product or cross product.

 Vector product of two vectors P and Q is defined

as the vector V which satisfies the following o
conditions: ,
1. Line of action of V is perpendicular to plane 1\
containing P and Q.
2. Magnitude of Vis V = PQsin & i
3. Direction of V is obtained from the right-hand Y
rule.

 \ector products:
- are not commutative, Qx P = —(P xQ)
- are distributive, Px(Q+Q,)=PxQ;+PxQ,
- are not associative, (PxQ)xS =P x(QxS)



Vector Products: Rectangular

Components

 \ector products of Cartesian unit vectors, y y|
ixi =0 j x <1 =—k Exfzj A j ’jxlz_k
i x ]:IZ jxj=0 IZXT:—T -4 - -
ixk=—] jxk=i kxk=0 i '

 \ector products in terms of rectangular
coordinates

V= (PXT+ P, J+ PZIZ)x (QXT+QyT+QZIZ)
= (Psz - PzQy)T + (PZQX - PQ; )I
+(PQy —P,Q K

— —

i J k

=\, P, P,

Qx Qy Q;




Moment of a Force About a Point

« A force vector is defined by its magnitude and
direction. Its effect on the rigid body also depends
on it point of application.

 The moment of F about O is defined as
MO =rxF

« The moment vector M is perpendicular to the
plane containing O and the force F.

« Magnitude of My measures the tendency of the force
to cause rotation of the body about an axis along M.
Mo =rFsind =Fd
The sense of the moment may be determined by the
right-hand rule.

 Any force F”’ that has the same magnitude and
direction as F, is equivalent if it also has the same line
of action and therefore, produces the same moment.



Varignon’s Theorem

« The moment about a give point O of the
resultant of several concurrent forces is equal
to the sum of the moments of the various
moments about the same point O.

rx(lfl‘FIEZ"‘”'): rx Ifl+l_">< |E2 +---

» Varigon’s Theorem makes it possible to
replace the direct determination of the
moment of a force F by the moments of two
or more component forces of F.



Rectangular Components of the

Moment of a Force y
The moment of F about O, FAJ
— R - R ) A (x,y,2)
Mo =FxF, F=xi+yj+K Y A1
F=Fd+F j+Fk g \J
=l v
I\?io:I\/IXT-FI\/ij)‘l-I\/IZR> . F.k
i ] kK |
F, Fy F,

= (yF, —2F, )T +(2F —xF, )T+ (xFy — yFy K



Moment of a Force

The moment of F about B,

Yy

I\ﬁBz?A,BxIE

rA/B — rA - rB

:(XA_XB)T+(yA_yB)T+(ZA_ZB)R
F=Fi+Fj+Fk

MB = (XA_XB) (yA_yB) (ZA_ZB)

Rectangular Components of the

F

k




Rectangular Components of the
Moment of a Force

For two-dimensional structures,

Mg = (XFy - yFZ)IZ

Mo =Mz yi§ e
vi

—

Mg = l(XA_XB)Fy —(YA—YB)':zJlz y F
Mg =Mz
=(xa —xg)Fy —(ya—-YB)F;




Problem 3.4
Syw SOLUTION:

The moment M, of the force F exerted by
the wire is obtained by evaluating the
vector product,

80 mr:/r
A

M, = C/AXF

240 mm

The rectangular plate is supported by the
brackets at A and B and by a wire CD.
Knowing that the tension in the wire is
200 N, determine the moment about A of
the force exerted by the wire at C.

C



Problem 3.4

Y SOLUTION:

I\WA=TC/A><|f

[a=T, —T, =(0.3m)i +(0.08mk

F=FA=(200N) horc

I'o/c
_ (200 N)—(o.s m)i +(0.24m)j —(0.32m)k
0.5m
D = —(120 N)i +(96 N)j — (128 Nk
i ] Kk
_ (768 Nem)i M,=/03 0 0.08
-120 96 -128

F=(200 N)\ .

. M, =—(7.68 N-m)i +(28.8N-m)j+(28.8 N-m)k

(28.8 N-m)k




Scalar Product of Two Vectors

« The scalar product or dot product between
two vectors P and Q is defined as

PeQ=PQcosd (scalar result)

« Scalar products:

- are commutative, PeQ=QeP
- are distributive, Pe(Q,+Q,)=PeQ,+PeG,
- are not associative, ( ) = undefined

« Scalar products with Cartesian unit components,

PeG=(Ri+P,j+PK)e(Qi+Q,i+Qk)



Scalar Product of Two Vectors:
Applications

 Angle between two vectors:
PeQ=PQcosd=PQ,+PQ, +PQ,
PQ,+PQ, +PQ,
PQ

 Projection of a vector on a given axis:

CoSd =

P,. = Pcos@ =projection of P along OL
PeQ=PQcosd

—>

PeQ

——=Pcosd =P, y

 For an axis defined by a unit vector:
P, =Pel
=P, coso, + P, cosd, + P, coso,




Moment of a Force About a Given Axis

« Moment M, of a force F applied at the point A Y
about a point O, .

Mozfxﬁ

« Scalar moment M, about an axis OL is the
projection of the moment vector M, onto the
axis,

NML:ZOMO:EO@xﬁ)

« Moments of F about the coordinate axes,
M, =YyF, —zF,
M, =zF, —xF,
M, =xF, —yF,



Moment of a Force About a Given Axis

« Moment of a force about an arbitrary axis,
Mg = AeM 8
—Je (fNB X If)
rA/B =Ty —Tg

x + The result is independent of the point B
along the given axis.




Problem# 3.59

The frame ACD is hinged at Aand D 0.35 m
and is supported by a cable
that passes through a ring at B and is

e
cid 0.875 m

attached to hooks at G and H. : \|
Knowing that the tension in the cable f/ Hﬂ&%

is 450 N, determine the - H »
moment about the diagonal AD of the I. o

force exerted on the frame daaam o 0.75m

by portion BH of the cable. 4 ,f’f w



Moment of a Couple

Two forces F and -F having the same magnitude,
parallel lines of action, and opposite sense are said
to form a couple.

Moment of the couple,

—

M :?Axlf+FB><(—F)
:(rA_rB)XIE
—FxF

M =rFsind =Fd

The moment vector of the couple is
Independent of the choice of the origin of the
coordinate axes, I.e., it is a free vector that can
be applied at any point with the same effect.




Moment of a Couple

Two couples will have equal moments if
* Rd, =F,d,
« the two couples lie in parallel planes, and

* the two couples have the same sense or
the tendency to cause rotation in the same
direction.




Addition of Couples

Consider two intersecting planes P, and _Fe
P, with each containing a couple

M, = xF, inplane P,
M, = FxF, in plane P,

Resultants of the vectors also form a
couple

M :fxﬁzfx(lfl+lfz)

By Varigon’s theorem

M :?xlfl—l—?xlf2

=M, +M,

Sum of two couples is also a couple that is equal
to the vector sum of the two couples

M,



Couples Can Be Represented by
Vectors

1 J
y y My (M =Fd)

A

N

0
n

A couple can be represented by a vector with magnitude
and direction equal to the moment of the couple.

Couple vectors obey the law of addition of vectors.

Couple vectors are free vectors, i.e., the point of application
IS not significant.

Couple vectors may be resolved into component vectors.



Resolution of a Force Into a Force and
a Couple

 Force vector F can not be simply moved to O without modifying its
action on the body.

« Attaching equal and opposite force vectors at O produces no net
effect on the body.

» The three forces may be replaced by an equivalent force vector and
couple vector, I.e, a force-couple system.



Prob#3.87

Three control rods attached
to a lever ABC exert on it the
forces shown.

(a) Replace the three forces
with an equivalent force-
couple system at B.

(b) Determine the single
force that is equivalent to the
force-couple system obtained
in part (a), and specify its
point of application on the
lever.
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System of Forces: Reduction to a Force
and Couple

« A system of forces may be replaced by a collection of
force-couple systems acting a given point O

« The force and couple vectors may be combined into a
resultant force vector and a resultant couple vector,

R=YF MZ=X(rxF)
« The force-couple system at O may be moved to O’
with the addition of the moment of R about O,

M3 =MS+5xR

« Two systems of forces are equivalent if they can be
reduced to the same force-couple system.



~urther Reduction of a System of
-orces

« |If the resultant force and couple at O are mutually
perpendicular, they can be replaced by a single force acting
along a new line of action.

 The resultant force-couple system for a system of forces
will be mutually perpendicular if:
1) the forces are concurrent,
2) the forces are coplanar, or
3) the forces are parallel.




~urther Reduction of a System of
-orces

» System of coplanar forces is reduced to a
force-couple system Rand M that is
mutually perpendicular.

 System can be reduced to a single force
by moving the line of action of R until
its moment about O becomes M §

* In terms of rectangular coordinates,
xR, — YR, =M{




Prob# 3.111

A machine component is subjected
to the forces and couples shown.
The component is to be held in
place by a single rivet that can resist
a force but not a couple. For P =0,
determine the location of the rivet
hole if it is to be located on line FG,

120 N

240 mm
00N [F B 70°
e e \
' 4 E D
F+
520 mm
C
jf 40 N-m 180 mm
, G Hi |
A B
B0 mm —| |=— —| |=—50mm

~— 640 mm

Fig. P3.111






